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Abstract. We consider (small) algebraic deformations of germs of real- 
algebraic CR submanifolds in complex space and study the biholomor- 
phic equivalence problem for such deformations. We show that two al- 
gebraic deformations of minimal holomorphically nondegenerate real- 
algebraic CR submanifolds are holomorphically equivalent if and only if 
they are algebraically equivalent. 

1. Introduction 

Since Poincare's celebrated paper |P07j published in 1907, there has been 
a growing literature concerned with the equivalence problem for real sub- 
manifolds in comp lex space (see e.g. [GoOil IStoOol IHY09al IHY09bl IBRZOlal 
BRZOlb, BMR02J for some recent works as well as the references therein). 
One interesting phenomenon, observed by Webster for biholomorphisms of 
Levi nondegenerate hypersurfaces |W77| . is that the biholomorphic equiva- 
lence of some types of real-algebraic submanifolds of a complex space implies 
their algebraic equivalence. 

In this paper, we show that this very phenomenon holds for algebraic de- 
formations of germs of minimal holomorphically nondegenerate real-algebraic 
CR submanifolds in complex space. Let us recall that a germ of a real- 
algebraic CR submanifold (M,p) C (C n ,p) is minimal if there exists no 
proper CR submanifold N C M through p of the same CR dimension as M. 
It is holomorphically nondegenerate if there exists no nontrivial holomorphic 
vector field tangent to M near p (see [Sta96j ) . 
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An algebraic deformation of (M, p) is a real-algebraic family of germs at p 
of real-algebraic CR submanifolds (M s ,p) s£ -^k in C n , denned for sfR* near 
0, such that Mo = M. We say that two such deformations (M s ,p) seR k and 
(Nt,p') t £$k are biholomorphically equivalent if there exists a germ of a real- 
analytic diffeomorphism ip : (M. k , 0) — > (M. k , 0) and a holomorphic submersion 
B: (CJ x C*,(p,0)) ->• (C n ,p') such that * i-> B(*,s) is a biholomorphism 
sending (M s ,p) to {N^^p') for all s € M fc close to 0. We shall say that 
such a pair (i?, p) is a biholomorphism between the two deformation^. We 
also say that they are algebraically equivalent if one can choose tp and B to 
be furthermore algebraic. Our main result is as follows. 

Theorem 1.1. Two algebraic deformations of minimal holomorphically non- 
degenerate real- algebraic CR submanifolds of C n are algebraically equivalent 
if and only if they are biholomorphically equivalent. 

For a completely trivial deformation (i.e. k = 0), Theorem 11.11 is actually 
a consequence of the algebraicity theorem of Baouendi, Ebenfelt and Roth- 
schild [BER96], where they prove that every local biholomorphism sending 
holomorphically nondegenerate and minimal real-algebraic generic subman- 
ifolds of C n must necessarily be algebraic. This is not necessarily true for 
biholomorphisms between deformations, even for constant ones, as the fol- 
lowing example shows. 

Example 1.2. Consider the Lewy hypersurface M in C 2 Z w s defined by Im w = 

\z\ 2 , and consider the trivial deformation M s = M for s € K fc . A biholo- 
morphic map of (M s ,0) s£R k to itself which is not algebraic is e.g. given by 

<p(s) = s, B(z,w,s) = (e s z,e 2s w). 

The main point of this example is that one cannot expect a biholomor- 
phism between two deformations to be algebraic. However, in Example 11.21 
all the "fibers" M s of the deformations are the same. It is not difficult 
to show, by using the mentioned result of [BER96] . that the conclusion of 
Theorem 11.11 holds when all the fibers of the deformation are algebraically 
equivalent. One approach which has been successful for more general de- 
formations is to approximate a given biholomorphism by algebraic ones; 
Theorem II. II is a consequence of such an approximation statement. 

Theorem 1.3. Let (M s ,p) sgK fc and (Nt,p') tG ^k be algebraic deformations 
of real- algebraic holomorphically nondegenerate minimal CR submanifolds 
ofC n , and assume that (B,ip) is a biholomorphism between (M s ,p) s&K k and 



^By slight abuse of language, we shall always identify the map ip: (M fe ,0) — > (R fc ,0) 
with its complexification from (<C fc ,0) to (C fe ,0). 
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(Nt,p') t ^k. Then for every integer £ > there exists an algebraic biholo- 
morphism (B e ,ip e ) between (M s ,p) sGR k and (N t ,p') teK k which agrees with 
(B,ip) up to order £ at (p, 0). 

Under the stronger hypothesis that (Mq,p) is "finitely nondegenerate" , 
Theorem [L3] was proved by Baouendi, Rothschild, and Zaitsev (sec [BRZOlb]) 
However, the weakening of the nondegeneracy assumption makes it impos- 
sible to use their methods. 

Let us restate our results in a more geometric fashion. For this, we use 
the following notation. We say that two germs of real-algebraic CR subman- 
ifolds (M,p) and (M',p') of are biholomorphically equivalent, and write 
(M,p) ~h (M',p f ) if there exists a germ of a biholomorphism H: (C N ,p) — > 
(C N ,p') and a neighbourhood U of p in C N such that H(M n U) C M' 
(we shall abbreviate this by writing H(M) C M'). We say that (M,p) and 
(M',p') are algebraically equivalent, and write (M,p) ~ a (M',p'), if there 
exists such a biholomorphism which is furthermore algebraic. 

Let us recall that if M C is a real-algebraic CR submanifold, for 
every q € M there exists a unique germ of a real-algebraic submanifold W q 
through q with the property that every (small) piecewise differentiable curve 
starting at q, whose tangent vectors are in the complex tangent space, has 
its image contained in W q (see |BER96| ) . W q is referred to as the local CR 
orbit of q. We shall say that (M, p) has constant orbit dimension if dim W q 
is constant for q close by p. The geometric counterpart of Theorem 11.11 can 
now be stated as follows. 

Theorem 1.4. Let (M,p) be a germ of a holomorphically nondegenerate 
real- algebraic CR submanifold, which is in addition of constant orbit dimen- 
sion. Assume (M',p') is a germ of a real- algebraic submanifold of C N for 
which (M,p) ~ h (M',p'). Then (M,p) ~ a (M',p'). 

Also Theorem 11.41 is a consequence of an approximation theorem, which 
can be stated as follows. 

Theorem 1.5. Let (M,p) C be a germ of a real- algebraic CR submani- 
fold which is holomorphically nondegenerate and of constant orbit dimension. 
Then for every real-algebraic CR submanifold M' C and every positive 
integer I, if h: (C N ,p) — > C N is the germ of a biholomorphic map satisfying 
h(M) C M 1 , there exists an algebraic biholomorphism h : (C N ,p) — > 
satisfying ^(M) C M' which agrees with h up to order £ at p. 

Let us briefly recall why a CR submanifold of constant orbit dimension is 
a deformation of its CR orbits: for a germ of a real-algebraic CR manifold 
(M,p) which is of constant orbit dimension, there exists an integer k € 
{0, ...,iV} and a real-algebraic submersion 5: (M,p) — > (M fc ,0) such that 
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S (S(q)) = W q =: Mgr q -\ for all q G M near p. The level sets of S therefore 
foliate M by minimal real-algebraic CR submanifolds, and thus M is an 
algebraic deformation of Mq (see [BRZOlb] or Lemma l2.ip . In addition, a 
local biholomorphism sending two such real-algebraic CR submanifolds is 
also a biholomorphism of the associated deformations, since CR orbits of 
the source manifold are mapped to CR orbits of the target manifold (see e.g. 
[BER99J). On the other hand, given an algebraic deformation (M s ) s ^k of 
a minimal, real-algebraic CR submanifold (Mo,0) C (C n ,0), the manifold 
(M,0) C (C n+fc ,0) defined by M = {(z,w) G (C n+fc ,0): z G M Rew ,Im w = 
0} is a real-algebraic CR submanifold of constant orbit dimension. Hence 
the statements given by Theorem 11.31 and Theorem 11.51 are equivalent. 

If one removes the assumption about holomorphic nondegeneracy in The- 
orem 11.51 we can still show that the conclusion of the theorem holds if we 
assume a certain "mild" form of holomorphic degeneracy. We shall say that 
a point p in a real-analytic CR submanifold M C C N is a regular point of the 
holomorphic foliation on M if there exists an integer k G {0, . . . , N — 1} and 
a holomorphically nondegenerate real-analytic CR submanifold M C C N ~ k 
such that (M,p) ~^ (M x C k , 0). (This notion is motivated by the structure 
of the holomorphic foliation arising in holomorphically degenerate CR sub- 
manifolds, that is discussed in detail in section [5]). We have the following 
result: 

Theorem 1.6. Let M C be a connected real- algebraic CR submanifold. 
Then the following holds: 

(i) the set of all points p G M such that p is a regular point of the 
holomorphic foliation on M and (M,p) is of constant orbit dimension 
is the complement of a closed proper real- algebraic subvariety Hjm of 
M. 

(ii) For every point p G M\Ejf, for every real- algebraic CR submanifold 
M' C C N and for every positive integer i, if h: (M, p) — > M' is the 
germ of a biholomorphic map satisfying h{M) C M' , there exists an 
algebraic biholomorphism h . (M,p) — > M' satisfying h (M) C M' 
which agrees with h up to order £ at p. 

The proof of Theorem 11.51 is based on a careful study of some algebraic 
properties of local biholomorphic mappings sending (nowhere minimal) real- 
algebraic CR submanifolds into each other. Given (M,p) as in Theorem 1 1.5 1 
we may assume without loss of generality that p = and that M is generic 
in C . As already explained, M can be viewed as a deformation of its CR 
orbits and therefore we identify M with a deformation (M s ) sgK fc of a certain 
minimal holomorphically nondegenerate real-algebraic generic submanifold 
Mq C C^~ k passing through 0. The first step of the proof is to determine 
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the dependence of a given biholomorphic map h = h(z, u) with respect to 
the "parameter" u € C fc . Indeed, by the algebraicity theorem proved in 
[BER96], one already knows that for every fixed s£R fc small enough, the 
map z h(z, s) is algebraic. We prove that there exists an integer uiq such 
the holomorphic map (z, u) i— >• h(z, u) depends algebraically on the functions 
z, u and H(u) := ((<9 7 /i)(0, u); \j\ < mo). This kind of parameter dependence 
result can not be obtained by using the techniques of [BER96, BRZOlb]. It 
is obtained as a combination of some previous results of the second author 
[M98tlM02] and a key algebraic property, Proposition l3.21 proved in section[3l 

Once Proposition 14.21 is combined with Proposition 13.21 one obtains a 
system of (holomorphic) polynomial equations over C^~ k x satisfied by 
the mappings h and T~L. At this point one could apply Artin's approximation 
theorem [A69] to approximate (h, H) by algebraic mappings. However, the 
sequence of algebraic mappings approximating h need not send M to M' . 
This problem is overcome by constructing another polynomial system of real- 
algebraic equations over M fc fulfilled by the mapping %. An application of a 
more refined version of Artin's approximation theorem due to Popescu [P86J 
to the new polynomial system coupled with the first one (more precisely to 
its restriction to M. N ) provides the desired conclusion. 

To derive Theorem 11.61 one needs to study holomorphically degenerate 
real-analytic CR manifolds and understand the structure of the holomorphic 
foliation (with singularities) arising from the existence of holomorphic vector 
fields tangent to them. This is done in section [5] where we, in addition, show 
that if the manifolds are algebraic, the holomorphic foliation is algebraic. 

The paper is organized as follows. Section [3] is devoted to the proof of an 
algebraic property for certain holomorphic mappings whose restriction on 
a nowhere minimal real-algebraic CR manifold satisfy some special type of 
polynomial identity. In section |4j we prove the main approximation result 
of the paper, Theorem 14.1} Theorems ll.l|1.3|1.4| and 11.51 are direct conse- 
quences of this result. In Section EJ we recall several basic facts about the 
structure of the holomorphic foliation (with singularities) on a (holomor- 
phically degenerate) real-analytic CR submanifold M C C^. If M is real- 
algebraic and connected, we show that this foliation is algebraic; in particu- 
lar, the singular locus of this foliation, which coincides with the complement 
of the set of regular points of the foliation, is a closed proper real-algebraic 
subvariety of M. We then deduce in section [6l Theorem 11.61 from Theorem l4.ll 
and the results of section [5j The basic background on CR analysis needed 
throughout the paper may be found e.g. in the books [B911 [BER99J . 

Acknowledgments: The authors would like to thank an anonymous referee 
for his helpful insights and comments, which helped us to essentially improve 
an earlier version of this paper. 
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2. Preliminaries and Notation 
We start by recalling some basic facts and introducing our notation. 

2.1. Algebraic functions and mappings. Throughout the paper, C{x} 
denotes the ring of convergent power series with complex coefficients in the 
variables x = (xi, . . . ,x r ), r > 1. The ring C{x} can be identified with the 
ring of germs of holomorphic functions at in C r , and we shall do so freely. 
Given any convergent power series rj = rj(x) G C{x}, we denote by f\ = fj(x) 
the convergent power series obtained from rj by taking complex conjugates 
of its coefficients. 

An element / G C{x} is algebraic (or Nash) if it satisfies a nontrivial 
polynomial identity with polynomial coefficients, i.e. if it is algebraic over 
the subring C[x] C C{x}. We denote the subring of C{x} of all algebraic 
power series by M{x}. To be completely explicit, this means that / G M{x} 
if / G C{x} and there exist polynomials pj G C[x] for j = 0, . . . ,m with 
p m ^ such that 

m 
3=0 

Given nonnegative integers k and s, a germ of a holomorphic map (C fc , 0) — >• 
C s is algebraic if all of its components are algebraic. We also have to consider 
the ring of germs at in W of (complex- valued) real-algebraic functions. 
This ring will be denoted by A^ K {x} and coincides with the ring of germs at 
in W of (complex-valued) real-analytic functions whose complexification 
belongs to M{x}. 

2.2. CR orbits, normal coordinates and iterated Segre mappings. 

Let M C C w be a real-analytic CR submanifold and T^M its CR bundle. 
We denote by Qm the Lie algebra generated by the sections of T 0,1 M and 
its conjugate T lfi M, and by G M (p) C CT p M the space of the evaluations at 
p of these sections. By a theorem of Nagano (see e.g. [BER99, BCH08J), for 
every point p G M, there is a well-defined unique germ at p of a real-analytic 
submanifold W p satisfying CT q W p = Gm(q) for all q G V p . This unique sub- 
manifold is necessarily CR and called the local CR orbit of M at p. Note 
that this definition coincides with the one given in the introduction using 
piecewise differentiable curves running in complex tangential directions (see 
e.g. [BER99J). Since M is real-analytic (resp. real-algebraic), it is easy to 
see that if M is connected, the dimension of the local CR orbits is constant 
except possibly on a closed proper real-analytic (resp. real-algebraic) subva- 
riety E\j of M (see e.g. [BRZOlal IFRZOlbj ). If dim>% = dimM for some 
point p G M, we say that M is minimal (or also of finite type) at p. 
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Let M be a generic real-algebraic submanifold of C of CR dimension 
n and codimension d. We recall that a point p G M is of constant orbit 
dimension if it has an open neighbhorhood U in M such that dimWq is 
constant for q G U. In this case, one may describe the obtained algebraic 
foliation by CR orbits in terms of normal coordinates as follows. First recall 
that coordinates Z = (z, rj) G C™ x C d are normal coordinates for (M, p) 
if p = and there exists a map Q(z,x,v) defined in a neighbourhood of 
G (^ 2n + d anc [ satisfying the normality conditions 

(2.1) B(2!,0,7 ? )=e(0,x,77)=r ?) 

such that M is given by rj = Q(z, z, ff). The map also satisfies the reality 
condition 

(2.2) Q(z,x,e(x,z,v))=V- 

Lemma 2.1. f |BRZ01al Proposition 3.4] and [BER961 Lemma 3.4.1]) Let 
(M,p) C C N be a germ of a generic real- algebraic submanifold which is of 
constant orbit dimension at p, and denote by c G {0, . . . , d} the codimension 
of the CR orbits close by p in M . Then there exist normal algebraic coordi- 
nates Z = (z, rj) G C n x C d , Z = (z, w, u) G C n x C d ~ c x C c , such that M is 
given near the origin by an equation of the form 

(2.3) rj = (w, u) = @(z, z, fj) := (Q(z, z, id, u),u), 

where Q(z,x,t,u) is a C d ~ c -valued algebraic map near G C n+N . Fur- 
thermore, there exist neighborhoods U, V of the origin in M. c and C N ~ C re- 
spectively such that for every u G U, the real- algebraic submanifold given 
by 

(2.4) M u := {{z,w) G V : w = Q{z,z,w,u)} 

is generic and minimal at 0. 

A real-analytic submanifold M, given by rj = &(z, z, fj), can be "complex- 
ified"; its complexification, which we denote by A4, is the germ at of the 
complex submanifold of C 2N given by 

(2.5) {(Z, C) G (C N xC N ,0):a = 0( X , z, rj)}, 

where Z = (z, rj) G C n x C d and ( = (x, c) G C n x C d . 

In the whole paper, we always choose coordinates for our germ (M,p) 
according to Lemma |2. 11 We also need to recall the iterated Segre mappings 
Vj attached to (M,p) (see e.g. [BRZOla]), which we define as follows. First, to 
simplify notation, for any positive integer j, we denote by t 3 a variable lying 
in C n and also introduce the variable tv* := (t 1 , . . . , P) G C" J . For j = 1, we 
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set ui^.it) := (t\e(t\0, (0,u))) for t 1 G C n and u G C c sufficiently close 
to 0; for j > 1 we inductively define Vj : (C nj x C c , 0) — > C N as follows: 

(2.6) Vj {tV\u) := (^G^^^U)))- 

Define fo("u) := (0,it) G C^, so that (|2.6p also holds for j = 1. From the 
construction, each iterated Segre mapping Vj defines an algebraic map in a 
neighbhorhood of in C" - - 7 x C c . From (12.21) one obtains the identities 

(2.7) Vj (0,u) = (Q,u), v ]+2 {t^ +2 \u)\ t]+ 2 =t3 = Vj (t^,u), j > 0. 

Furthermore, for every j > 1, the germ at of the holomorphic map (vj, Vj-i) 
takes its values in M, where M is the complexification of M as defined by 

3. A KEY ALGEBRAIC PROPERTY FOR HOLOMORPHIC MAPPINGS 

3.1. Statement of the algebraicity property. In this section, we assume 
that /: (C N ,0) -> (C N ',0), where N > 2, N' > 1, is a germ of a holomor- 
phic mapping and that (M, 0) C is a germ of a real-algebraic generic 
submanifold of CR dimension n and codimension d. We also assume that 
is a point of constant orbit dimension in M, and that coordinates for (M, 0) 
have been chosen according to Lemma l2.lt A4 denotes the complexification 
of M defined in Section 12.21 For every integer £, we define the subring TZ( 
of C{Z, to consist of power series which can be written in the form 

C(z,c,(^/(C))| 7 |<*), 

for some C G Af{Z, C}[(A 7 )| 7 |<^], where for each 7 G N N , A 7 G C^'. Let 
Im be the ideal of C{Z, £} of those convergent power series that vanish 
on A4. Denote by C{.M} the coordinate ring of A4, i.e. quotient ring 
C{ZX}/%M an d let itm ■ C{Z,(} — > C{A4} be the natural projection. We 
identify a convergent power series J(Z) or L(Q with its image in C{.M} via 
TTjM {^M is injective on C{Z} since M is assumed to be generic). Define 
<S/ := tt_\4(TZ^). We now say that / satisfies assumption (Jfr), if there exists 
a positive integer £q such that each component of the power series mapping 
/ (considered as an element of the ring C{Ai}) is algebraic over the quotient 
field of Sp Q . To be more concrete, this means that 

(Jit) there exists an integer £q , integers k\ , . . . , k^i , and a family of alge- 
braic power series 8 r , a = S r>s (Z,(, (A 7 )| 7 |<<? ) G M{Z, C}[(A 7 )| 7 |<£ ], 
r G {1, . . . , k s }, s = 1, . . . , N', such that 

(3.1) 5>-- (^C,(^/(C))| 7 |<^o) (fs(z)Y = 

r=0 
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holds for (Z, ()eM near the origin, with 5 ks , s [Z, C, (<9 7 /(C))| 7 |<0 ^ 
on M. 

Our goal in this section is to prove that if (Jfr) is fulfilled, then the mapping 
/ is necessarily algebraic over a certain field of convergent power series that 
are partially algebraic. To be more precise, we need to define the following 
rings. 

Definition 3.1. Let (z,w,u) G C n x C d ~ c x C c be our fixed chosen nor- 
mal coordinates. For every nonnegative integer t, let A# be the subring of 
C{z, w, u} consisting of those convergent power series T = T(z, w, u) which 
can be written in the form A(z, w, u, (d^f(0, u))\ a \<g) for some A(z, w, u, (A a )i w i<^) G 
M{z,w,u)[{K a )\ a \ < (\. We furthermore consider the ring A* defined by 

oo 

(3.2) A* : U A\. 

Note that the rings Al depend on the (fixed) choice of normal coordinates. 
We can now state the main result of this section. 

Proposition 3.2. Let (M, 0) C be a real-algebraic generic submanifold 
which is of constant orbit dimension at 0, and f : (C N ,0) —¥ (C N ,0) be a 
germ of a holomorphic mapping. If f satisfies (Jfr) ; then each component of 
the mapping f is algebraic over the quotient field of A* . 

The rest of this section is devoted to the proof of Proposition 13.21 

3.2. Algebraic dependence over quotient fields of certain rings. The 

first step in the proof of Proposition 13.21 is given by the following lemma. Its 
proof is very similar to the proof of [M02^ Proposition 5.2]. 

Lemma 3.3. Let M,f be as in Proposition \3.2[ Then, for every multiindex 
fi G N N , each component of the mapping d^f is algebraic over the quotient 
field of Si . i i . 

Proof. For = 0, this is the content of assumption (Jfr). Differentiating 
(|3.1j) once, each first order derivative of each component of the mapping / 
is algebraic over the quotient field of the subring of C{Ai} generated by 
/ and Sl 0+ \ (this follows from the chain rule; see [M021 Proposition 5.2] 
for exactly similar arguments). Since (each component of) the mapping 
/ is already algebraic over the quotient field of <Sj Q C <S/ 0+ i> this proves 
the proposition for all multiindices fi of length one. The conclusion for 
multiindices of arbitrary length follows in the same way by induction. □ 
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3.3. Iterated Segre mappings and associated rings. Our next step is 
to use the iterated Segre mappings as introduced in Section 12.21 For this, 
we need to introduce even more subrings. Let j be a nonnegative integer. 
Recall that P denotes a variable lying in C n and tP* stands for (t 1 , . . . 
For every such j and every integer £, we let B? e be the subring of C{$ +1 \u} 
consisting of the convergent power series of the form 

K(^ +1 U,((a |Q| /)o^.(tb'U)) H < £ ) 

for some K € J\f{t^ +l \ u}[(A a )| a |<£]. Similarly to before, we also set 

(3.3) B\ : ur =0 Blt 

For every integer £, define also the ring X>J^ to be the subring of Cft^ 1 ] , u} 
consisting of those power series of the form 

A(ty +1 \u,((d^f)(0,u)) la ^ e ) 

for some A £ W{i [i+1] , u}[(A a )| a |<^] and we also set f>j := U^ V f j £ . 

Analogously, define the ring ^ as the subring of C{t^ +1 \u} consisting 
of the power series of the form 

i?(^' +1 U,((5 |a| /)(o,u)) w < £ ) 

for some R G M{t^ +l ^ , u}[(A a )\ a \< e ] and set vj := Uf =Q V f - t 
Our next step is to prove the following result. 

Lemma 3.4. Let M, f be as in Proposition 13.21 With the above notation, 
for every multiindex \i 6 N w and every integer j, each component of the 
mapping (d^f ) ovj+i is algebraic over the quotient field of Bj . 

In order to prove Lemma [3. 4| we need the following lemma which is a kind 

— f 

of "step-down" procedure for algebraicity over the rings £>j +1 ; it can be seen 
as an adaptation of [M02, Lemma 5.4] to our situation. 

Lemma 3.5. Assume that we are in the setting of Lemma \2>A\ and let j be 

a positive integer. Assume that g: (C , 0) — > C is a holomorphic function 

— f 

such that g o Vj+2 is algebraic over the quotient field of Bj +1 . Then g o Vj is 
algebraic over the quotient field of B^_ x . 

In what follows, to shorten the notation, we write Vj instead of Vj(t^\u). 

Proof of Lemma 13.51 By assumption, there exist positive integers e and £, 
and a family of power series 5 r £ M{t^ +2 \ u}[(A a )| Q i<^], r = 0, . . . , e, such 
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that 
(3.4) 



e 

(^ +2 U,((aM/) ov j+1 ) M <t) (gov J+2 ) r = 0, 



r=0 



with 5 e {t^ +2 \u, ((<9 |a| /) o u i+1 )| af |<^) ^ 0. Let i/ e N" be a multiindex of 
minimal length with respect to the property that there exists r 6 {1, . . . , e} 
satisfying 



#0. 



v+ 2 =v 



Applying to (|3.4p . evaluating for t J+2 = £?, and using the second 

identity in (|2.7|) . we obtain that 



r=0 

We write 



( 3 - 5 ) Eaf^J «r(^.«.((» |a| /)°fii+l)|«|<< 



V+ 2 =P 



(gc Vj y = Q. 



(3.6) ^(^ +1 U,((5 |a l/)o %+1 ) w <,)) 

am 



9(t 



i+2j 



<5 r UV +2 \u,((dWf)ov j+1 )\ a \<t 



v+ 2 =v 



and observe that by our choice of v, there exists r £ {1, . . . , e} such that 

5 r (^ +1 U ((9 |Q| 7) o %+i) w <,)) # o. 

Hence, if we choose /3 S N n such that 



a^'+ 1 )' 3 

and for < r < e write 



p+ 1 =p- 1 



#0, 



<9(fr?+i)/3 



<5 r (^ +1 U,((3 |a| /")o^ +1 ) H <,) 



tJ + l=t3-l 



we see that each 5 r 6 £+ , and that the nontrivial relation 



^2S r (govj) r = 



r=0 



provides the desired result. The proof of the lemma is complete. 



□ 
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Proof of Lemma 13.41 By Lemma 13.31 for every multiindex \x and every inte- 
ger s G {1, . . . , N'}, there exists an integer e(/i, s), a family of power series 
Ar, s (Z,(, (A 7 )| 7 |<4 + | M |) G 7V{2 , ,C}[(A 7 )| 7 |<^ 0+ | At |], r G {0, . . . ,e(n,s)}, such 
that for all (Z, () G M. (near the origin) 

(3-7) J2 A£ s (Z, C, (^/(0)] 7 ]<4+w) (^/,(^)) r = 

r=0 

with 

( 3 - 8 ) A e (At , s) , s C, (0 7 /(C))M<£o+M) ^ on 

and where is given by condition (J|k). For every integer j, the algebraic 
map (vj + i,Vj) takes its values in M. and therefore, from (I3.7p . we have the 
following identities 

e(/i,s) 

(3.9) Yl A "s ((#7) «i)|7l<*»+H) ((^/-) ° ^+1)' = °- 

r=0 

In order to see that (13.9P implies that (d^f) o vj + \ is algebraic over the 
quotient field of W- for all j > 0, we note that by Lemma [3. 51 it is enough to 
check this for all j > d + 1. Now, if j > d + 1, we claim that the map 

( C n(i+l) x C c j0 ) 9 (tl?+l] jtl ) i — ^ ( Ui+1 (^' +1 ],«),^(^'], u )), 

which takes values in .M, has generic rank iV + n = dim.A/f; from this we 
conclude that for these j, by (|3.8p . the relation (|3.9p is nontrivial. 

We now turn to the proof of this last claim, which is a consequence of 
the finite type criterion in [BE R96] . Let Mq be the real-algebraic generic 
submanifold given by (I2.4p . Since Mq is of finite type, by the finite type 
criterion in |BER96j . the map (C n ^ +1 \0) 3 H> v d+1 (t^ , 0) is of 

generic rank n + d — c, where d, c are as in Lemma 12.11 Therefore, for any 
j > d + 1, the mapping (C nj x C c ,0) 3 (t^\u) i-s> Wj(t^l,u) is of generic 
rank n + d — c + c = N. Hence for all such j's, the generic rank of the 
mapping (C n ^' +1 ) x C c ,0) 3 {t^ +1 \u) ^ {v j+1 (t^ +1 \u),v j (t^ ,u)) is equal 
to N + n = dim.A4. The proof of Lemma 13.41 is complete. □ 

3.4. Proof of Proposition 13.21 An application of Lemma 13.41 for j = 

yields that for all multiindices [i G N N , each component of the mapping 
d^f o v\ is algebraic over the quotient field of Bq = Pq. Therefore, the 
conjugate mapping d^f o v\ is algebraic over the quotient field of Vq ; since 
for all v G N , each component of the mapping d u f o v% is algebraic over 
the quotient field of &( by Lemma 13. 4| the transitivity of being algebraic 
implies that each component of the mapping d u f o V2 is algebraic over the 
quotient field of T>( . Proceeding inductively, we see that for every multiindex 
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P G and every even integer j, the components of the map d 13 f o Vj are 
all algebraic over the quotient field of and for every odd integer j the 

same algebraicity property holds over the quotient field of £>J_i- Hence 
for j = 2{d + 1), there exists positive integers b, e, convergent power series 
^ u G -^{^ 2 ( d+1) ],u}[(A 7 )| 7 |< b ], f G {0, . . . ,e}, such that a nontrivial relation 
of the following form 

e 

(3.10) £ (V 2 ( d+1 )] , u, ((^/)(0, «))| 7 |< 6 )) (/ o « 2(d+1) (i^ 1 )! , u)f = 

holds for all (tl 2 ( rf+1 )] , u) sufficiently close to the origin. 

In order to see that ()3.10j) implies that each component of / is algebraic 
over the quotient field of A* , we need to invert the map i>2(d+l)- By the 
minimality criterion given in [BER96, BER99 , there exists points arbitrarily 
close to the origin in C 2 ( d+1 ) n such that t^ d+l ^ H> « 2 (d+l) (* [2(d+1)1 , 0) is of 
rank N — c at those points with image the origin in C^. Pick a point 
T° G £2(d+i)n w ^ the above property and such that (|3.10p holds near 
(T°,0) G C 2 ( rf+1 ) n x C c . From the rank theorem, there exists an algebraic 
mapping 0: (0^,0) — > (C N ~ C , T°) such that v 2 uj r \\{0{z, w, u), u) = (z,w,u). 
Composing (|3.10p with the obtained left inverse for V2(d+i), we obtain an 
identity of the following form 

e 

(3.11) W ' U ^ U ' (( 57 /)(°' «))|7|<6)) W > U )Y = °> 
i/=0 

for (z, u) G sufficiently close to the origin. Furthermore, it is not 
difficult to see that it is possible to choose the mapping 8 so that the obtained 
relation ()3.11j) is still nontrivial. Hence (|3.1ip shows that / is algebraic over 
the quotient field of A ■ This finishes the proof of Proposition 13.21 

4. Proof of Theorems ll.llll.3pi. 41 and 11.51 

The goal of this section is to prove the following approximation theo- 
rem; Theorem 11.51 (and therefore also Theorems ll.lll.3lO]) are a direct 
consequence of this more general theorem, from which we will also deduce 
Theorem 11.61 in Section [6] 

Theorem 4.1. Let (M,p) C be a germ of a holomorphically nondegener- 
ate real- algebraic generic submanifold, which is of constant orbit dimension 
at p. Assume that M' C is a real- algebraic generic submanifold, and 
that h: (C N ,p) —> C N is a germ of a holomorphic map with h(M) C M' 
and Jac/i ^ 0. Then for every positive integer £, there exists a germ of an 
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algebraic mapping h e : (C N ,p) -> C N satisfying h e (M) C M' and that agrees 
with h at p up to order I. 

In order to prove Theorem 14. 1\ we assume without loss of generality that 
p = 0, p' = h(p) = 0, and that normal coordinates Z = (z, w, u) have been 
chosen for M near as in Lemma EH We let h: (C N ,0) -)■ (C N ,0) be 
a germ of a holomorphic map of generic full rank as in the statement of 
Theorem l4.11 We will need the following result from [MQ2] that follows from 
an inspection of the proof of [M02, Proposition 4.6]. 

Proposition 4.2. Let M , M' , and h be as above. Then the mapping h 
satisfies assumption (X) given in Section® 

Combining Proposition 14.21 and Proposition 13.21 we get that each compo- 
nent of the mapping h is algebraic over the quotient field of the ring A h 
defined in Definition 13.11 i.e. there exists an integer mo and, for every in- 
teger s G {1, . . . , N}, an integer k s , and a family of convergent power series 
P r , s {Z, (A a )| a |< mo ) G M{Z}[(A a )\ a \< mo ], <r <k s , such that 

(4.1) J2 p rAz,(d H Ko, u )) H < mo )(h s (z)) r = 0, 

r=0 

with 

(4.2) P ks , s (Z,(d^h(0,u)) lal < mo )^0. 

For ease of notation, we write H(u) := (d^ a 'h(0, tt))i a i< mo . Note that f)4. If) 
simply means that the convergent power series mapping (h, T~L) satisfies a 
certain polynomial system with algebraic coefficients; however, solutions of 
this system need not necessarily give rise to holomorphic mappings sending 
(M, 0) to (M',0). The goal of the subsequent paragraphs is to build up 
an additional system of polynomial equations with real-algebraic coefficients 
satisfied by the mapping H that will allow us to approximate the mapping 
h by algebraic mappings in the Krull topology. 

4.1. Construction of an appropriate system of polynomial equa- 
tions. In what follows, we use the following notation to denote coordinates 
on jet spaces: with mo as given above, we write A = (A a )| a | <mo where 
each A a € for a 6 N N . Similarly, we write F = (r Q )| Q | <mo with 
r a £ C . Let us also recall that coordinates in the source space C N split 
as Z = (z, w, u) G C" x C a!_c x C c and similarly for ( G C , where we write 
( = ( x ,t,v) eC"x C d ~ c x C c . 

The following lemma will allow us to construct a suitable system of poly- 
nomial equations satisfied by the power series T-L(u). Its proof is analogous 
to that of |MMZ03al Lemma 6.2]. 
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Lemma 4.3. For every real-valued polynomial r' = r'(Z',Z'), Z' G C^, 
there exists a nontrivial polynomial 

s 

K = JC(Z, C, A, T;X) = Y J B„{Z, (, A, T)X» G Af{Z, (}[A, T] [X] 

with the following properties: 

(i) B s (Z,(,n{u),1i(v)) ^ for (Z,Q S M near the origin. 

(ii) for every pair of convergent power series mappings S(u) = (S a (u))\ a \ <mo 
and F(Z) = (F\(Z), . . . ,Fn(Z)) which satisfies 

(4.3) J2P r>s (Z,S(u))(F s (Z)) r = 

for every s G {1, . . . , N}, with 

(4.4) P fca , s (Z,S(u))^0, 
we have that 

(4.5) £(Z, C, S(u),S(v);r'(F(Z),F(())) = 0, 
/or (Z, C) G C 2JV sufficiently close to the origin. 

Proof. For every s G {1, . . . , AT}, denote by T s and Y s new indeterminates 
and consider 

ks ks 

(4.6) Q S (Z, A; T s ) := £ P r , s (Z, A)TJ, ft s (C, T; F s ) := £ P r , s (C, r)Yj. 

r=0 r=0 

Q s and 7Z S are polynomials with algebraic coefficients. Let A be a sufficiently 
small polydisc in centered at the origin so that each P rs is holomorphic 
in A x C K , where k := A^Card {a G : |q| < mo}. For each s = 1, . . . , N, 
denote by L s (resp. L s ) the zero set of Pk s , s (resp. Pk a , s ) in A x C K and 
let E := U^ =1 (L S U L s ). For every (Z, A) G (A x C K ) \ E, every (C,T) G 
(A xC K )\E and every s G {1, . . . , N}, denote by a[ s) (Z, A), . . . , er$(Z, A) 
the k s roots of the polynomial Q s (viewed as a polynomial in T s ). Hence, for 

every (C,T) G (Ax C K )\P and every s G {1, ... ,JV}, of^CT), ... ,<t ( £{C,T) 
are the & s roots of the polynomial 1Z S . 

As in |MMZ03al Lemma 6.2], consider for (Z, A) G (A x C K ) \ E and 
(£, T) G (A x C K ) \ E the following polynomial in X 

(4.7) VF(Z,C,A,r;X) := 

II (a — r' (o-W (Z, A) , . . . , <rg0 (Z, A) , of ( C , r) , . . . , ^ (C, r) 
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By Newton's theorem on symmetric polynomials, it follows that (14.7)) can 
be rewritten as 

(4.8) w(z, c, A, r ; x) = x s + Mz, a, C, t)x v , 

where 5 := IIj=i anc ^ where A u is of the following form 

(4.9) A„(Z,C,A,r) :=C U 1 ' P ^ (Z ' A) Pr ' s(C ' r 



P ks ,s(Z, A)' P kaiS ((,F) J l<r<k s 

l<s<N , 

where each C„ is a polynomial of its arguments depending only on r'. Let 

JV 

(4.10) I(Z,A,A,r) := l[P ke , s (Z,A)P ksiS {C,T). 

8=1 

For a suitable integer ro, /C(Z, C, A, F; X) := / ro • W G A/"{Z, C}[A, T][X\. We 
claim that the obtained polynomial K, satisfies all desired properties. The 
construction of the polynomial K, implies (ii). To prove statement (i), we 
note that the term B$ is a sufficiently high power of the function / defined 
in ([4TTH]) . Hence if B s {Z,Q,H{u),H{v)) = for (Z,C) G M near 0, then 
there exists s G {1, . . . , N} such that either Pk ajS (Z, H(u)) = for Z G 
close to 0, or Pk s , s ((, 7~L(v)) = for £ G close to 0, which is not the case 
by (|4.2p . The proof of Lemma 14.31 is complete. □ 

Next, since M' is a real- algebraic generic submanifold of codimension d 
through the origin, we may choose d real- valued polynomials (r^, . . . ,r' d ) 
such that M' is given near the origin by the zero set of these d polynomi- 
als. Applying Lemma 14.31 for each polynomial r'j, j = 0, . . . , d, we obtain a 
corresponding polynomial 

Si 

W(Z,(,A,T;X) :=J2 B i X " 

u=0 

with each B J U {Z,(, A, F) G j\f{Z, C}[A, F][X], 1 < v < Sj. 
For every j G {1, . . . , d}, define 

(4.11) v{ =min{i/G {0,...,Sj}: Bl{Z,Q,H{u),fL{v)) £ on M near 0}. 

Since each polynomial K? satisfies conclusion (i) of Lemma [4. 3 \ we know that 
such a exists (it can be shown that each Vq > but this is not needed in 
what follows). 

Using Lemma [2 .H we choose a real-algebraic parametrization (M. 2N ~ d ~ c x 
M°, 0) 3 (y,u) i — y ip(y,u) G C N of M near which satisfies that for each 
fixed u G M c sufficiently close to the origin, the mapping (M. 2N ~ d ~ c , 0) 3 y i— > 
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(p(y, u) parametrizes the manifold M u as defined in (|2.4p near the origin. 
Hence for all (y, u) € M. 2N ~ d ~ c x R c sufficiently close to the origin, we have 

(4-12) 

Bi(cp(y,u),<p(y,u),H{u),H{u)) = 0, j = 0,...,d, v = 0, . . . ^ - 1. 

For every j G {0, . . . ,d}, for every v < z^q, and for every multiindex 7 G 

n 2N - d ~ c , define 

(4.13) 

G A/*{u}[A,A]. 

j/=0 

Since the ring A/" K {u}[A, A] is noetherian, there exists an integer tiq such 
that the ideal generated by the Q{,u(u,A, A) for 7 € N 2 ^^ -0 , ^ < u J , 
j G {0, . . . , d} coincides with that generated by the @ J ltU (u, A, A) for I7I < no, 
v < Vq, j G {0, . . . , d}. We observe that by the construction of the mappings 
@if,i/ the following Lemma holds. 

Lemma 4.4. For 7 G N 2Af ~ d-c ; K^j'efO,..., d} ; let 9^ &e defined 
as above. Then if (M. c , 0) 3 u 1— )■ 5 , (u) £ C K is £/ie germ 0/ a real-analytic 
mapping satisfying 

ei rtU ( u ,s(u),W)) = o 

for ti 6 R c c/ose to the origin and \ j\ < no, v < u^, j G {0, . . . ,d}, then S 
satisfies 

Bi(Z,Z,S(u),S(uj) = 0, u = 0,...4-l, j = 0,...,d, 
for all Z = (z, w,u) G M sufficiently close to the origin. 

We can now define the crucial system of complex-valued real-analytic 
equations near the origin in R" x M d ~ c x M£ to carry out the approximation: 




...,N 



G^(u,A,A) = 0, | 7 | <n , v<vl, j G {0, . . . , d}. 

This system is obviously polynomial in T = (Ti, . . . , T/v) and (A, A) with 
coefficients that are real-algebraic functions in R . Furthermore, using (|4.ip . 
(f¥7T2]) and (|4TT3|) . we know that 

T = (Ti, . . . ,T/v) = (hi(x,t,u), . . . ,h N (x,t,u)) = h(x,t,u), 

A = H(u) = (d\ a \h(0,u)) H < mo 

is a complex- valued real-analytic solution of the system (|4.14|) . 



— d™ — 
6^(n,A,A) := — B 3 V ((p(y,u),<p(y,u),A,A 
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4.2. Appropriate solutions of the system and end of the proof of 
Theorem 14. 1L At this point, the next natural step would be to apply an 
approximation theorem due to Artin [A69j providing, for every integer £, 
complex-valued real-algebraic solutions h e (x,t,u) and W (x,t,u) of the sys- 
tem (I4.14p . that agree up to order £ at the origin with the mappings h(x,t,u) 
and H(u) respectively. This strategy is not sufficient because in order to 
show that the complexification of the obtained mappings h sends a neighb- 
orhood of in M to M', we need the mappings W e to be independent of 
(x,t) (as is the case for the original solution). The question whether this 
kind of approximation is possible actually dates back to Artin's paper |A69] : 
it became known as the "subring condition" . A positive answer in the alge- 
braic case has been provided by Popescu [P86], and this theorem allows us 
to get solution mappings W which depend only on u. We shall only state 
a version of Popescu's theorem needed for the purpose of this paper. 

Theorem 4.5. (Popescu [P86] ) Let (u>,£) G R k x R q , k,q > 1, and a 
polynomial mapping $(X,Y) = ($i(X, Y), . . . , $ r (X, Y)) with ®j(X, Y) G 
M R {co,C}[X,Y] for j = l,...,r, X = (X 1 ,...,X p ), Y = (Y 1 ,...,Y m ). 
Suppose that there exists formal power series mappings x{ui) G (IR[[u;]]) p J 
y{u},£) G £,]]) m safisfying <3?(x,y) = 0. Then for every integer £, there 

exists x l G (M r {lo}) p , y 1 G (M R {co, £}) m satisfying ${x e ,y e ) = such that 
x and y l agree at up to order £ with x and y respectively. 

Remark 4.6. The fact that the system of polynomial equations has algebraic 
coefficients in the above result is of fundamental importance. Indeed, the 
analogous statement for polynomial systems with analytic coefficients does 
not hold in general, as a well-known example due to Gabrielov }Ga71] shows. 

Applying Theorem 14.51 to the real equations associated to the system of 
polynomial equations given by (|4.14p . we obtain, for every positive inte- 
ger £, a real-analytic C^-valued algebraic mapping h = h e (x,t,u) and a 
real-analytic C K -valued algebraic mapping W f ~ = W (u), both defined in a 
neighborhood of G 1^ (depending on £) and agreeing with h(x, t, u) and 
H(u) up to order £ at respectively. We complexify the mappings hr and 
W e without changing the notation. Since each mapping h = h e (Z) is alge- 
braic and agrees with the mapping h = h(Z) up to order £ at 0, the proof 
of Theorem 14.11 is completed by the following Lemma. 

Lemma 4.7. In the above setting and with the above notation, for £ suf- 
ficiently large, the holomorphic map hr sends a neighborhood of in M to 
M'. 

Proof of Lemma 14.71 Recall first that (r[ , . . . , r' d ) are d real- valued polyno- 
mials such that M is given near the origin by the zero set of these d poly- 
nomials. Suppose, by contradiction, that the conclusion of the lemma does 
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not hold. Considering a subsequence if necessary, we may assume, without 
loss of generality, that for every integer £, 

(4.15) r[(h e (Z),¥{C)) # 0, (Z,() G M, near 0. 
Let 

Si 

(4.16) K} (Z, C, A, r; X) = ^ B l u {Z, (, A, T)X» 

be the polynomial given by Lemma [4.31 associated to the real polynomial r[. 
Since (h , W e ) satisfies the system of equations (|4.14p for every integer £, we 
have for all Z G sufficiently close to the origin 

Pr,s(Z, W\u)) (hi(Z)Y = 0, 8 = 1, . . . , N. 

r=0 

Since /C 1 satisfies property (ii) of Lemma 14.31 we therefore obtain 

(4.17) K\ZX,W\u),W{v)Mh\Z)M{Q)) = Q, 

for (Z, Q G C 2N close to the origin. In what follows, we shall restrict (|4.17p 
to the complexification M. Since W e satisfies the second equation of the 
system (jiTTIj) . Lemma EM implies that Bl(Z,Z, W e (u), W l (u)) = 0, for 
< v < Uq, and for all Z = (z,w,u) G M sufficiently close to the origin. 
Equivalently, we have for (Z, £) G M near 

(4.18) Bl(Z,(,W e (u),W(v)) = 0, 0<v<v£. 

Hence KWh . KW\ and (jiThSD imply that 
(4.19) 

Si / \ v 



Y / Bl(Z,C,W e (u),W i (v))^r' 1 (h e (Z),¥(C))j = 0, (Z,QeM, near 0. 

v=v\ 

Using (I4TT51) . (gUD yields that for (Z,C) G .A/1 sufficiently close to 0, 
(4.20) -Bli(Z,(,W\u),W{v)) 



£ bkz, c, w £ (z), ^(0) ^(^(z), v(0)) 



Since h sends a neighbhorhood of M to M' and since, for every integer £, the 
mapping /ir agrees with h up to order £ at 0, it follows that r[(h e (Z), h^(Q)\M 
vanishes at least to order i at the origin. Hence from (I4.20p . the same 
property holds for B 1 1 (Z,C,W e {u),W I (v))\ M . But also W e agrees with U 
up to order £ at the origin, so for every integer £, the germ at of the 
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holomorphic function B 1 1 (Z, (, H(u), H(v))\m vanishes at least up to order 
t. As a consequence, 

Bli(Z,(,n(u),H(v)) = 0, for (Z,() € M near 0, 

which contradicts the definition of fg by (|4.1ip . This completes the proof of 
Lemma 14.71 and therefore the proof of Theorem 14.11 □ 



5. Holomorphic foliations in CR manifolds 

The main goal of this section is to study the holomorphic foliation (with 
singularities) arising from the existence of holomorphic vector fields tangent 
to a real-analytic (resp. real-algebraic) CR submanifold in complex space. 
The main result of this section is given by Proposition 15.61 and shows that 
the holomorphic foliation of a real-algebraic holomorphically degenerate CR 
submanifold of is in fact algebraic. The results of this section will be 
used to derive Theorem 11.61 from Theorem 14.11 in section [6J 

5.1. The real-analytic case. Let M C be a real-analytic generic sub- 
manifold of CR dimension n and codimension d so that N = n + d > 2. In 
what follows, for a point p G C N , we denote by O p the ring of germs of holo- 
morphic functions at p and by M p its quotient field of meromorphic functions 
at p; these are the stalks of the sheaf of holomorphic (resp. meromorphic) 
functions, which we will accordingly denote by O and M, respectively. 

A holomorphic (resp. meromorphic) vector field on an open set U C 
is a holomorphic (resp. meromorphic) section of T^ 1,0 ^C N over U, i.e. an 
expression of the form 

N g 

X = o-j{Z)—, aj S D(U) (M(J7) respectively). 
3 =l j 

Again the stalks of these sheaves at p E C^, i.e. expressions of the form 

N d 

X = aj(Z)——, aj € O p (M p respectively), 

will be referred to as germs of holomorphic (respectively meromorphic) vec- 
tor fields. We identify the sheaf of holomorphic (resp. meromorphic) vector 
fields with (M , respectively), and the germs of holomorphic (resp. 
meromorphic) vector fields at a point p € with (O p ) N (resp. (Mp)^). 

For p € M, let T p (resp. § p ) be the set of all germs at p of holomorphic 
(resp. meromorphic) vector fields that are tangent to M. T p is an O p - 
submodule of the free module (O p ) ; S p carries the structure of a finite 
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dimensional vector space over M p . As in [BR95J, for all p £ M, define 

(5.1) X M (p) ■= dim Mp S p 6 {0, . . . , JV - 1}. 

We recall from [BR95, Section 4] a known characterization of Xm(p) through 
local coordinates. For an arbitrary point p 6 M we may choose (see e.g. 
[BER99]) local holomorphic coordinates Z = (z,rj) 6 C n x C d , vanishing at 
p, such that M is given near the origin by a vector-valued equation of the 
form 

(5.2) V = Q(z,z,fj), 

where 8 = @(z, Xi a ) is a C rf -valued holomorphic map near satisfying the 
reality condition 

(5.3) e(z,x,Q{x,z,ri)) =T], 
and 

(5.4) e(z,o, v )=e(o, x ,ri)=w 

such coordinates are commonly referred to as normal coordinates for M at 
p. If M is furthermore assumed to be real-algebraic, we may choose these 
local holomorphic coordinates as well as the mapping G to be algebraic. 

Recall also that such a choice of normal coordinates can be made for points 
q € M nearby p in such a way that the mapping B depends real-analytically 
on q (and real-algebraically if M is real-algebraic, see [BER99J). We expand 
the mapping into a Taylor series as follows: 

(5.5) e( X ,2,7?) := QpMx - 

In what follows, we keep the above notation and choice of coordinates for 
a given fixed point p G M. We also write the coordinates Z = (Z\, . . . , Zn). 
We need to recall the following slight generalization of a known criterion (see 
e.g. [BR951 Lemma 4.5]). 

Lemma 5.1. In the above setting, the followings holds : 

(i) a germ of a holomorphic vector field X = Y2j=i a j(^)^~ with a j G 
©o is tangent to M if and only if 




the same holds for germs of meromorphic vector fields with Oq re- 
placed by Mq. 
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(ii) there exists a neighborhood U of in C N such that for every point 
q € Mf]U, a germ of a holomorphic vector field Y = Y2j=i 
with bj £ O q is tangent to M (near q) if and only if 

N 



(5.7) J2b j (Z)^-(Z)=0, forall(3£N n , 



j= i - o 



for all Z € sufficiently close to q. 



Proof. It is enough to prove (ii). We fix a polydisc U\ C C n and U2 C C d 
both containing the origin such that is holomorphic in U\ X U± X £/2- Let 
U := U\ x 1/2- Given q = (z q ,n q ) G M CiU, it is easy to see that a germ 
at q of a holomorphic vector field Y is tangent to M near q if and only 
Y(Q(x, Z)) = for all Z in some connected neighborhood U q C of q and 
for all x i n some neighbhorhood U\ C C n of z q . Since 

N 8f) 
Y(Q( X ,Z)) = ^2b J (Z) — (x,Z), 

j=i 1 

the map Y(Q(x, %)) is i n feet holomorphic in U\ x U q and vanishes on U\xXJ q . 
Hence Y(Q(x, Z)) vanishes identically in U\ x U„. From this, the desired 
conclusion (|5.7p follows. □ 

We have the following result (see [BR95 ). 

Lemma 5.2. Let M C be a real- analytic generic submanifold with N > 
2, p € M, and (z, rj) normal coordinates for M near p. Then the following 
identity holds: 

(5.8) X M (p) + r M (p) = N, 

where ruip) is the generic rank of the holomorphic map (C , 0) 3 (z,rj) H- 
(@p(z,T]))p e fin defined by (|531) . 

Proof. Choose an integer £q large enough so that the generic rank of the 
mapping (z,n) (->• (Qp(z,r}))\p\<£ equals tm(p)- Consider the Mo linear 
mapping £: (M ) N -)• (M ) c ° given by 

£(ai, . . . ,a N ) 

\P\<to 

where c = Card{/3 E N n : |/3| < £ }- By Lemma O (i), S = Ker£ 
and therefore, by the rank theorem, N = Am(0) + dimM Im£. But the 
rank of the Mo-linear mapping C coincides with the rank of the matrix 
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with entries in the field Mo. This rank is exactly the generic 

l<j<N, 

rank of the (germ of the) holomorphic map (z, rj) i-> (©^(2;, ??))| / 9|<^ - The 
proof of Lemma 15.21 is complete. □ 

A first consequence of Lemma 15.21 is that tm(p) is independent of the 
choice of normal coordinates. Another useful consequence of Lemma 15.21 is 
the following (see [BR95] for the hypersurface case). 

Lemma 5.3. Let M C be a real-analytic generic submanifold. Then the 
functions Am and ru are constant on any connected component of M. 

Proof. Pick an arbitrary point p € M. We first note that the definition of 
Am implies that Am is lower semi-continuous. Next, let tm(/>) be as defined 
in Lemma 15.21 Since we may choose normal coordinates for points q G M 
nearby p in such a way that the mapping depends real-analytically on q, 
it follows that for all points q sufficiently close to p, tm{(1) > ?"m(p)- Hence 
by (|5.8j) . we have that \m(q) < Am(p) for all such g's. This latter fact 
together with the lower semi-continuity of Am implies that Am is constant 
in a neighborhood of p. Since the choice of p is arbitrary, we obtain the 
desired statement. □ 

In what follows, given a positive integer r, we shall denote by the 
set of all germs through the origin in C r of holomorphically nondegenerate 
real-analytic CR submanifolds. Recall also that given a positive integer 
r and two germs of real submanifolds (M,p) and (M',p r ) in C r we write 
(Mi,p) ~h (M2,p') if there exists a germ of a biholomorphism of C r at p 
which maps the germ (M,p) to (M',p'). 

The following result provides a precise description of the holomorphic 
foliation on a (holomorphically degenerate) real-analytic CR submanifold. 

Proposition 5.4. Let M C be a connected real-analytic CR submanifold 
with N > 2. Then there exists a well-defined integer Am G {0, . . . , N — 1} 
and a closed proper real- analytic subvariety Tm C M such that 

M \ T A/ = {p € M : (M,p) (C Am x M, 0), where M G £^ Xm }. 

Furthermore, the real-analytic subvariety Tm is locally given by the inter- 
section of germs of complex- analytic subvarieties with M . 

Proof. We first treat the case where M is a generic submanifold of C N . Let 
Am G {0, . . . , N — 1} be the integer defined by (|5.ip and Lemma [531 Set 

£l h M ■= { p G M : (M,p) (C Am x M,0), where M € £^ Xm }. 

In what follows we shall say that a point p 6 M satisfies property (dfc) if 
there exists Y\, . . . , Y\ M G T p and a sufficiently small neighborhood W of p 
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in C such that these A a/ holomorphic vector fields are defined and linearly 
independent at every point q G W. We first note that if a point p G f?M 
then clearly p satisfies property (♦). Conversely, if p satisfies property (4), 
then by straigthening the flows of Y\ , . . . , Y\ M , we see that the germ (M, p) 
is biholomorphically equivalent to the germ at the origin of a submanifold of 
the form C Am x M where M is a germ through the origin of a real-analytic 
generic submanifold. Furthermore, M must necessarily be holomorphically 
nondegenerate since otherwise we could find A a/ + 1 holomorphic vector fields 
tangent to M near p and generically linearly independent in a neighbhorhood 
of p, which contradicts the definition of Am- 

Pick an arbitrary point p G M. Since the ring O p is noetherian, it follows 
that T p is a finitely generated submodule of (O p ) N . Hence, there exists 
a connected neighborhood U of p in and r holomorphic vector fields 
X\ , . . . , X r defined in U such that T p is generated by the germs at p of the 
vector fields Xi, . . . , X r . In fact, we need a stronger property than that, and 
using Lemma 15.11 (ii) and Oka's theorem (see e.g. [Ho901 Theorem 6.4.1]), 
it is possible (after shrinking U if necessary) to assume that for every point 
q G M fl U, the germs at q of the vector fields X±, . . . ,X r generate T q . 
We also may assume that U is chosen sufficiently small so that M n U is 
connected. It is not difficult to see that the generic rank of (Xi, . . . , X r ) over 
U equals Am as defined above. Setting fi(q) = Rk (Xi(q), . . . ,X r (q)) for all 
q £ M fl U, we now claim that 

(5.9) {q € M n U : q satisfies (4)} = {q G M D U : fi(q) = Am}- 

Note that we trivially have {q £ M fl U : fi{q) = Am} C {q G M n 
C7 : q satisfies (♦)}■ Conversely, if g G M n U satisfies (4>), there exists 
Yi , . . . , Y\ M G T g and a sufficiently small neighborhood C U of g in 
C N such that these Am holomorphic vector fields are defined and linearly 
independent at every point q G W. Since the germs at q of Xi, . . . ,X r 
generate the ©^-module Tq and since Y\, . . . ,Y\ M are linearly independent 
at every point q G W, it follows that the rank of (Xi, . . . , X r ) equals Am at 
every point of W and hence at q. This shows the claim (I5.9p . 

Using the first part of the proof, we therefore obtain that P\U = {q G 
M n U : fi(q) = Am} and hence Tm H C7 is given by the vanishing of a finite 
number of real-analytic functions on U (namely the restriction to M D U of 
the minors of size Am of the Jacobian matrix of {X±, . . . , X r )). This shows 
that T m is a closed proper real-analytic subvariety of M locally defined by 
the intersection of M with a complex-analytic subvariety. 

The case where M is not generic follows from the generic case, after notic- 
ing that there exists an integer s G {1, . . . , N — 1} such that for every point 
Po G M, the germ (M,po) is locally biholomorphically equivalent to a germ 
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at the origin of a sub-manifold of the form {0} x M x C C s x C N ~ S with Mi 
being a real-analytic generic submanifold in <C N ~ S . We leave the remaining 
details to the reader. The proof of Proposition 15.41 is complete. □ 

Remark 5.5. It is clear that the integer Xm in Proposition 15.41 is unique and 
may be defined as follows. If M is as in Proposition 15.41 for every point 
p £ M, let X p C C N be the intrinsic complexification of M at p (see e.g. 
[BER99 ). Then X p is the germ at p of a complex submanifold (of smallest 
dimension) containing the germ of M at p. Consider the field K, p of germs 
at p of meromorphic functions in X p and S p the K p vector space of all germs 
at p of meromorphic vector fields of X p tangent to M. Then it follows from 
Lemma 15.31 that M 3 p H > dim/c p S p is constant and is the desired integer 
Am- 

5.2. The real-algebraic case. We shall now establish the algebraic version 
of Proposition 15.41 when the submanifold M is furthermore assumed to be 
real-algebraic. Analogously to the real analytic case, for a given positive 
integer r, we denote by E r a the set of all germs through the origin in C r 
of holomorphically nondegenerate real-algebraic CR submanifolds. We also 
recall that given two germs of real submanifolds (M,p) and (M',p') in C r , we 
write (M, p) ~ a (M' ,p') if there exists a germ of an algebraic biholomorphism 
of C r at p which sends the germ (M,p) to (M',p'). 

We are now ready to state the algebraic version of Proposition 15.41 

Proposition 5.6. Let M C be a connected real- algebraic CR subman- 
ifold, N > 2. Let Xm and Tm be the associated integer and real- analytic 
subvariety of M given by Proposition 15.41 Then Tm is in fact a proper 
real- algebraic subvariety of M and the following holds: 

(5.10) M\T M = {p e M : (M,p) ~ a (C Am x M,0), whereMG^ A «}. 

Furthermore, the real-algebraic subvariety Tj\/ is locally given by the inter- 
section of germs of complex- algebraic subvarieties with M . 

In order to prove Proposition 15.61 we shall need the following observation. 

Lemma 5.7. Let M be a germ of a real- algebraic CR submanifold in C N 
and M' be a germ of a real-analytic CR submanifold in C N , both through 
the origin, with 1 < N' < N . Assume that 

(5.11) (M, 0) (M' x C N ~ N> ,0). 

Then there exists a germ of a real- algebraic CR submanifold M C C^' 
through the origin such that 

(5.12) (M,0) ~ a (M x C N ~ N ',0). 
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Proof of Lemma 15.71 First note that if M is not generic in , then there 
exists a positive integer r G {1, ...,N — 1} and a real-algebraic generic 
submanifold M x C C N ~ r through the origin such that (M, 0) ~ a ({0} x 
Mi,0) (see e.g. [BER99]). From this fact, we see that we may assume in 
what follows that M is generic in C^. 

Let n be the CR dimension of M and d its codimension. Choose normal 
coordinates Z = {Z\, . . . , Zn) = (z, 7]) G C n x C d as in Section 15.14 where 
0: (C n+Ar ,0) — > (C d , 0) is an algebraic holomorphic map of its arguments. 

We first note that, by a usual straightening argument, (|5.1ip is equivalent 
to say that there exists a neighborhood V of in and N—N' holomorphic 
vector fields L\,... ,Ln-n' tangent to M n V such that these N — N' vector 
fields are linearly independent at every point of V. Let ^(i, Z) be the 
complex flow of the vector field L\, flow that is defined for (t, Z) G C x 
sufficiently close to the origin. Recall that for sufficiently small t, (C , 0) 9 
Z i — y cp^(t,Z) G (C , 0) is a germ at of a biholomorphism sending (M, 0) 
to itself. Furthermore, writing L\ = Ylj=i a i(^)^§J' we know that ip 1 = 
(ip\, . . . , ipj^) satisfies 

(5.13) -QffaZ) = a 1 (i P 1 (t,Z)), j = l,...,N, and/(0,Z) = Z, 

for (i, Z) G C x sufficiently close to the origin. Since L\ is tangent to M 
(near 0), using the notation defined in (15. 5h and Lemma 15. II (i), we have 

(5.14) ^ aj V(^))^V(^)) = 0, V/3 G N n , 
i=i 3 

for {t, Z) G C x C N sufficiently close to the origin. Combining (|5.13p and 
(15.14j) . we obtain that near the origin in 



!L(Qp{<p\t,Zft\=Q, V/3 G N n . 



We therefore have the following identity (that is contained, in the hypersur- 
face case, in the statement of [BR9 5, Proposition 5.2]) 

(5.15) Qp&\t,Z)) = @p(Z), V/3 G N n , 

for all (t, Z) G C x sufficiently close to the origin. In what follows, we 
may assume without loss of generality that ai(0) ^ 0. Consider now the (De- 
valued holomorphic mapping defined in a neighbhorhood of the origin in 
by ty(wi, . . . , wn) = ^(wijO, W2, ■ ■ ■ , wn). It is a standard fact that \£ 
is a local biholomorphism at the origin and that = L\. Hence, since 

L\ is tangent to M near 0, the vector field gg- is tangent to the germ of the 
real-analytic generic submanifold i &~ 1 (M). Therefore the germ of Vl/ _1 (M) 
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at is of the form MxC where M is a germ at of a real-analytic generic 
submanifold in C^ -1 . We now claim that M is in fact real-algebraic and that 
(M x C, 0) ^ a (M, 0). To prove the claim, we note that it follows from (|5.15p 
that for all G N n , Qf,(*(w)) = &p(0,w 2 , . . . ,w N ) =: Cp{w) G (M{w}) d . 
The system of algebraic equations 

(5.16) Q p (Z) = C p {w) 

has a convergent solution Z = ty(w) and therefore, from an approximation 
theorem due to Artin [A69] , there exists an algebraic solution \E f : (C N , 0) — > 
(C N , 0) of (|5.16p that agrees with \E' up to order one at 0. Hence ^ is a local 
algebraic biholomorphism. Furthermore, since \I/ sends (M x C, 0) to (M, 0) 
and since for all f3 G N n 

it follows from |BMR02t Lemma 14.3] that $ sends also (MxC, 0) to (M, 0), 
which proves the claim. 

Since (M x C,0) ~ a (M,0), there exists a neighborhood W of in C^" 1 
and N — N' — 1 holomorphic vector fields tangent to M n W such that these 
N — N' — l vector fields are linearly independent at every point of W. We can 
therefore apply the above reasoning to the real-algebraic generic submanifold 
M C C^ -1 and, by induction, we reach the desired conclusion. □ 

Proof of Proposition 15.61 We note that if Am = (i.e. M is holomorphically 
nondegenerate) , there is nothing to prove, and therefore assume that Am > 0. 
Lemma 15.71 leads immediately to (|5.10p . It remains to show that Tm is a 
real-algebraic subvariety of M . In order to show this, we pick an arbitrary 
point p G M choose associated normal coordinates, in which p = 0. We note 
that as in the proof of Proposition 15.41 we can choose a positive integer to 
such that in a neighbourhood U of 0, a germ at q G U of a holomorphic 

vector field is tangent to M if and only if X^jLi 7Jz?(Z) a j(Z) = near q 
for all (3 with \(3\ < £q. Thus, we have realized the holomorphic vector fields 
tangent to M n U as a subsheaf of O n \u given by the relations between the 

' ' ' ' ' ^v") with \/3\ < £q. Oka's Theorem then implies that we can find 
a finite number of holomorphic generators of To which also generate T q for 
q near 0. 

We now claim that we can actually choose these generators algebraic if 
all the are algebraic; the remainder of the proof is then verbatim to the 
proof of Proposition 15.41 

First note that the sheaf of algebraic functions on is coherent. This 
can be seen by applying the Weierstrass division theorem for algebraic power 
series in the proof of Oka's Theorem as found in e.g. [Ho90]. In particular, 
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the sheaf of algebraic relations between the (g^f > ■ ■ • ~dz^) ^ or \@\ — is 
locally finitely generated, i.e. shrinking U if necessary, there exist algebraic 
vector fields (X\, . . . , X r ) defined over U and tangent to M, such that every 
germ at a point q G M n U of an algebraic vector field tangent to M near q 
can be written as an algebraic linear combination of X\ , . . . , X r . 

Now for every point q G U, the ring of convergent power series C{x — q} 
centered at q is a flat algebra over the ring of germs at q of algebraic functions 
M{x — q}. We can thus apply the "equational criterion for flatness" (see e.g. 
[Ma89l Theorem 7.6]) to see that every l€T ? can (in the sense of germs 
at q) be written as a linear combination with coefficients in C{x — q} of 
holomorphic vector fields tangent to M with algebraic coefficients in Af{x — 
q}. Since we have already observed that all germs at q of algebraic vector 
fields tangent to M are generated by X%, . . . ,X r , we see that the claim is 
proved and, as noted before, this finishes the proof of Proposition 15.61 □ 

Remark 5.8. The authors thank Clemens Bruschek for pointing out the sim- 
ple proof by applying the flatness criterion in the second half of the proof of 
Proposition 15.61 

Remark 5.9. (i) In [BRZOlb], the authors have considered another proper 
real-algebraic subvariety Tm attached to any connected real-algebraic CR 
submanifold M C C^. This subvariety Tm is defined as follows: M\Tm := 
{p G M : (M,p) ~ a (C Xm x M,0), where M G £^~ Xm }, where £^~ x m de- 
notes the set of germs of all real-algebraic finitely nondegenerate real-analytic 
CR submanifolds in C n ~ Xm through the origin (see e.g. |BER99tlBRZ01a] for 
the definition). Since we always have the strict inclusion £^~^m ^ £N—\ M ^ 
the subvariety Tm given by Proposition 15 . 61 is in general strictly smaller than 

(ii) The reader should observe that the real-algebraic subvariety Tm given 
by Proposition 15.61 can also be defined as follows: M \ Tm consists of all 
points p in M for which there exists an integer k, < k < N — 1, such that 
(M,p) ~ a (C k x M,0), where M G £^~ k . Indeed, note that if there exists 
jfe G {0, . . . , N - 1} such that (M,p) ~ h (C k x M, 0) where M G ff " fc , then 
we must necessarily have k = Am in view of the definition of Am • 

6. Proof of Theorem 11.61 

By definition Em = ^m U ^m wnere ^m ^ s * ne se * °f P orn ts that are 
not of constant orbit dimension and T, M is the set of points that are not 
regular for the foliation on M. By Proposition 15.61 ^m ^ s a dosed proper 
real-algebraic subvariety of M and since T, M possesses clearly also the same 
property (see e.g. [BER99| ). conclusion (i) of the theorem follows. 
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To prove (ii), we may assume that M is a generic submanifold in 
since the non-generic case can easily be reduced to the generic case. Let p G 
M \ Sjvf . Let also M' C be another real-algebraic generic submanifold, 
p' G M' and let h: (C N ,p) — > (C N ,p') be a local biholomorphic map sending 
M to M'. If M is holomorphically nondegenerate, the desired conclusion 
follows immediately from Theorem 14.11 

If not , there exists an integer k £ {1, . . . , N — 1} such that (M, p) ~ a (M x 
C fc ,0) where M is a holomorphically nondegenerate real-algebraic generic 
submanifold through the origin in C N ~ k . Furthermore, since (M' ,p') ~^ 
(M,p), it follows from Lemma O that (M',p') ~ a (M' x C fc ,0), where M' 
is a real-algebraic generic submanifold through the origin in which is also 
necessarily holomorphically nondegenerate. In order to prove Theorem 11.61 
we may therefore assume that (M,p) = (M x C fc ,0) and that (M',p f ) = 
(M' x C fc ,0). We also write the mapping h: (l5~ fc x C|,0) -> (£%~ k x 

Zj Zj Z 

C|,,0), where h(Z) = h(Z,Z) = (hi(Z, Z), h 2 (Z, Z)) G C^ - * x C k . We 

z ^ 

claim that h\ is independent of Z = (Zx, . . . , Z^). Indeed, consider the 
holomorphic vector V = where j = 1, . . . , k. We have 

V = ^{h-\z')) ■ -t + ^{h-\z')) ■ -t. 
dZj dZ> dZj dZ> 

Since the vector field is tangent to M x C fc near 0, V is tangent to 

M' x C k near 0. This implies that for every Z' G C k sufficiently close to the 
origin, the holomorphic vector field in <C N ~ k 

^ {h -i { Z>,Z>)).-L 
dZj dZ> 

is tangent to M' near 0. Since M' is holomorphically nondegenerate, we 
must necessarily have Z')) = near G C N for all j = 1, . . . , k, 

which proves the claim. 

We can thus write h(Z,Z) = (h 1 (Z),h 2 (Z,Z)) where hi : (C N ~ k ,0) -> 
(C , 0) is a local biholomorphism sending (M, 0) to (M',0). Since M 
is holomorphically nondegenerate and because the local CR orbits of M 
must also be of constant dimension in a neighbhorhood of 0, we may apply 
Theorem l4.1l to conclude that for every integer £ there exists a local algebraic 
biholomorphism h{: (C N - k ,0) -> (C N ~ k ,0) sending (M,0) to (M',0) that 
agrees with h\ up to order £ at 0. For every integer £, define h\ to be the ^-th 
order Taylor polynomial of h% at 0. Then the local algebraic biholomorphism 
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h := (h\, h^) satisfies all the required conditions. The proof of Theorem ll.6l 
is complete. 
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